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GLOBAL WELL-POSEDNESS TO THE SUBCRITICAL OLDROYD-B 

TYPE MODELS IN 2D 

RENHUI WAN* 


Abstract. We prove the global well-posedness to the 2D Oldroyd-B type models with 
z/A^“u and rjA?^T satisfying (i) a > 1 ,77 = 0 or {ii) a = 1, /? > 0. By establishing 
the gradient estimate of u, t and L°° bound of curlu + A“^curldivr, Elgidi-Rousset 
(Commun. Pure Appl. Math, online, 2015) obtained the global well-posedness for the 
case = 0, /3 = 1. However, for the cases {i) and (ii), it is difficult to improve the 
regularity of u and r directly, especially when a —>■ 1 “*" in case (i) and /3 —> O'*" in case 
{ii). To overcome this difficulty, we exploit a new structure of the equations coming 
from the dissipation and coupled term. Then we prove the global well-posedness to 
these cases by energy method which brings us closer to the more interesting case a = 1 , 
77 = 0. 


1. Introduction 


We are concerned with the Oldroyd-B type models for visco-elastic flow: 
' dtu + u ■ Vu — uAu + Vp = Kdivr, 
dtT + u ■ Vr -b /diT — rjAr = Q{'Vu, r) -b aiDu, 
divM = 0, 

^ m(0, x) = Uo{x), r(0, x) = To(x), 


( 1 . 1 ) 


here (t,x) G M"*" x u,p,T stand for velocity vector, scalar pressnre and symmetric 
tensor, respectively, u, p, f3i are nonnegative parameters and k > 0, cti > 0 represent the 
conpling parameters. Du, W(u) are the deformation tensor and vorticity tensor, 

respectively, and 


Q{Vu, t) = W {u)t — tW(u) + b{DuT -b tDu), b G [—1,1]. 

For the classical case u > 0, rj = 0, Chemin-Masmondic [3] stndied the local and global 
well-posedness of fll.ip in d dimensions. Bnt for the global resnlt in framework, they 
needed the small coupling parameter. This gap was hlled in a recent work by Zi-Fang- 
Zhang [20] with the method based on Green’s matrix of the linearized system, which 
was developed in [5|. Furthermore, [3| also established some blowup criteria for local 
solutions, see |ll| for some other related results. For the works on bounded domain and 
exterior domain, we refer to [2| and [S] and reference therein. 
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When > 0, r; > 0 and 6 = 1, Constantin-Klieg [7] obtained the global well-posedness 
for fll.ip with density equation in 2D. They derived the global bound of u and 
bound of r, and then improve it to high regularity by energy method. 

Very recently, for the case = 0, r; > 0 and Q(Vu, r) = 0, Elgidi and Rousset [8] 
proved the global well-posedness of fll.ip in 2D by establishing the gradient estimates of u 
and r and exploiting a structure of the equations, i.e., bound of curlM-|-A“^curldivr. 
In addition, in Remark 1.3 of that paper, they also expected similar result held for the 
generalized version of fll.ll) with and a + P = 1, called critical case, which 

is given by: 

dtu + u-Vu + uA‘^°‘u + Vp = divr, 
dtT + u ■ Vt + rjA'^^T = Du, 
divM = 0, 

^ m(0, x) = uo(x), r(0, x) = To(x), 

where we have let k = ai = 1,/3i = 0 without loss of generality and the definition of A 
can be seen in Section [2l 


However, when 0</9<l, a + /] = 1, one can check that it is difficult to improve 
the bound of u and r to H'' bound, V e > 0, not to mention gradient estimate, so it 
seems the method in [H] can not be applied to the these cases. 

Motivated by the above argument, in this paper, we consider fll.21) and get the global 
well-posedness for two slightly subcritical cases: (i) u > 0,a > 1 , 1 ] = 0; (ii) u > 0,a = 
1,7] > 0, f3 > 0. The main results can be shown as follows: 

Theorem 1.1. Consider / H.iH) with u > H,a > 1,7] = D and the initial data {uo,Tq) G 
s > 2, satisfying divwo = 0 and ojQ — lZaTQ G Then there exists a unique 

global solution {u, r) satisfying 

{u,t) G C'([0,T];i7"(M2)), u G L2([0, T]; V T > 0. 

Moreover, when 1 < a < |, 

sup ||(a;-7^<,r)(^)||i2+^^ / ||A“(a; - 7^„r)(t)||i2d^ 

0<t<T Jo fl.oj 

< C{T, P,a, \\iuo,To)\\L 2 , ll^o - 7^„ro||L2). 


Theorem 1.2. Consider / D.gl) with u > D,a = 1,7] > < jd < and the initial data 

(uq. To) G s > 2, satisfying divwo = 0. Then there exists a unique global solution 

{u, t) satisfying 

{u,t) G C{[0,T];H^iR^)), u G L\[0,T]; e L2([0, T]; V T > 0. 

Moreover, 

sup ||(a;-7^lr)(^)||^2+z/ /" || V(a; - 7^lr)(^)||22d^ 

0 <t<T Jo fl-4j 

< C{T, u,7],fd, ||(mo,t-o)||l 2, 11^0 -7^lro||L2). 
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In the Theorem 11.11 and 11.21 

u = cnrl u, IZaT ;= — A“^"curldiv r, a > 1, 

V 

and cuo is the initial data of u. 

Remark 1.3. The proofs of the above Theorems do not appear to be able to the case v > 
0, a = 1, r; = 0 unless we neglect the coupling term divr or Du in In fact, provided 

without divr, we can first solve the first eguation, which is actually 2D Navier-Stokes 
system (global well-posedness is well-known for smooth initial data), and then work out 
the second linear eguation. On the other hand, when neglecting Du, we can obtain the 
global well-posedness by following the idea in Section\E o,nd using the norm of r. 
Additionally, the second special case is very similar to 2D Boussinesg eguations which 
have attracted many mathematicians’ attention recently, (see, e.g., dH [121 [HI [IS];. 

Remark 1.4. The main result in Theorem \1.2\ also holds for the case u > 0,a = 1, ft > 
I. As a matter of fact, with a similar argument as the proof of the case a > | m 
Theorem M.li we can get the global well-posedness of D.2\) for the cases a > 1, /3 > |, 
whose proof is omitted. 

Now, let us sketch the difficulty of this problem and our idea. The most difficult 
situations are a —)> 1+ in case (i) and /3 O’*" in case (ii). We require a > 1 to improve 

the regularity of u, and then need a > | or > | to improve the regularity of r. But 
the conditions in our main results are weaker than these. 

Our proof is exploiting the structure of fll.21) and prove the crucial estimate fll.31) 
and fll.ip by establishing and applying some commutator estimates, respectively. Then 
we overcome the difficulty and complete the proof by applying regularity criteria in 
inhomogeneous Besov space with non-positive index. 

The present paper is structured as follows: 

In the next section, we provide the dehnition of Besov spaces and related facts such 
as Bernstein’s inequality, and then prove some important commutator estimates. In 
the third section, we prove Theorem 11.11 while Theorem 11.21 is proved in the following 
section. Finally, in the Appendix, we present the regularity criteria for the general cases 
of fll.21) . and then present the proof of the inequality (13.121) . 

Let us complete this section by describing the notations we shall use in this paper. 
Notations For A, B two operator, we denote [A, B] = AB — BA, the commutator 
between A and B. The uniform constant C is different on different lines, while the 
constant C{-) means a constant depends on the element(s) in bracket. {cj)j^'z will be a 
generic element of P{Z) so that = 1. We also use L^, ih® (R®) and R®,, {B^ f) 

to stand for LPiMf), (R®(M'^)) and R®,,(M'’*) {Bpj.{MA)), respectively. We shall 

denote by {a\b) the inner product of a and b. 1 stands for the characteristic function. 


2. Preliminaries 


In this section, we give some necessary dehnitions, proposition and lemmas. 
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The fractional Laplacian operator A" = (—A) 2 (a > 0) is defined through the Fourier 
transform, namely, 

where the Fourier transform is given by 

fiO = f e““'V(x)da;. 


Let = {^ G 1^1 < |} and iT = {^ G 


pd 3 
’ 4 


< I'd A !}• Choose two nonnegative 


smooth radial function y, ip supported, respectively, in 03 and C such that 

j>o 

= eeKAio}. 

jez 

We denote (pj = (p{2~^^), h = and h = where stands for the inverse 

Fourier transform. Then the dyadic blocks Aj, Aj, Sj and Sj can be dehned as follows 

^jf = = 2^“^ [ h{2^y)f{x - y)dy, j > 0, 

jR<i 

A.J = x{D)f = r'(A(0/(0), A,/ = 0, j < -2, 


Sjf = 


h{2^y)f{x - y)dy, j > 0, 


k<j-l 

Jw>- 

0, J < -1, 


CM 

1 

CM 

•<! 

f h{‘^^y)f{x 



S,f = x{2-W)f = V^^ 

f h{2^y)f{x 

'Rd 


We easily verihes that with our choice of (p and y, 

AjAkf = 0 if |j - /c| > 2 and Aj{Sk-ifAkf) = 0 if \j - k\ > 5. 

AjAkf = 0ii \j -k\> 2 and Aj{Sk-ifAkf) = 0 if \j -k\>5. 

Let us recall the dehnition of the homogeneous and inhomogeneous Besov spaces. 


Definition 2.1. Let s G M, {p,q) G [l,oo]^, the homogeneous Besov space is 

defined by 

where 


/TEDC^^ _ r -f ^ 




) = {/ e S'(B-‘)i II/IIb,^,..) < «)}, 

)«, for 1 < g < 00 , 
for q = 00 , 


(^yJiiA/ii 

_ ) iGZ 


sup2"d|Aj/||iP(Rd), 

jGZ 


and &{W^) denotes the dual space 0 /6(M'^) = {/ G d°‘f{0) = 0; V a G 

multi-index} and can be identified by the quotient space of S'fV with the polynomials 
space V. 
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Definition 2.2. Let s G M and {p, q) G [1, cxo]^, the inhomogeneous Besov space 
is defined by 

1^) = {/ G 






where 


{J2r-mA,f\\ 






- J 


sup2"^||Aj/||iP(Rd), 

j€Z 


< oo}, 

for 1 < g < oo, 
for q = oo. 


For the special case p = q = 2, we have 








BS, 


and if s < 0, one can check that 






(R'') ~ || 2 '^'’|| 5 'j/||iP(Rd)| 


( 2 . 1 ) 


where a ~b means C ^b < a < Cb for some positive constant C. 

The and (s > 0) norm of / can be also defined as follows: 

ih'>(R‘*) • —ll^*/llL2(Rd) 


and 

where 


H' 


'(R'^) : —|l/l|L2(R'i) + |l^^/l|L2(R'i) 


L 2 (Rd) + 




lL 2 (Rd). 


:= j; 2 ="||A,/||; 

j>o 

The following proposition and lemmas provide Bernstein type ineqnalities for frac¬ 
tional derivatives and commutator estimates. 

Proposition 2.3. Let 7 > 0. Let 1 < p < q < 00 . 

1) If f satisfies 

suppfc{^eR<^: |ei</C2^'}, 

for some integer j and a constant K. > 0, then 

2) If f satisfies 

suppfc {^eR^: /Ci 2 ^' < lei < /C 22 ^} 
for some integer j and constants 0 < /Ci < /C 2 , then 

C'i(7,P,g)2^'^^||/||L7Rd) < ||(-A)^/||i,(Rd) <C2{^,p,q) 


Lemma 2.4. [T] Let 9 be a function on R‘^ such that (1 -|- | ■ 1)6^ G L^(R‘^). There 
exists a constant C such that for any Lipschitz function a with gradient in and 

any function b in L^(R'^), we have for any positive X, 

||[6*(A ^D), a]6||ir(Rd) < CX ^|| Va||2,P(Rd)||6||2,9(Rd), with “ + “ ^ 


( 2 . 2 ) 
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Lemma 2.5. [HI [19] Let 1 < p,pi,P 2 < cxo satisfying 1 + p = ^ If xh E 
V/ G L°°{W^) and g G then 

\\h-k{fg) - f{h-kg)\\LP{M.d) < C\\xh\\ LPl(Rd)|l V/II ioo(Kd) Ill'll iP2 (Rd), (2,3) 

where C is a constant independent of f,g,h. 

For more details about Besov space and Sobolev space such as some useful embedding 
inequalities, we refer to [1], [10] and im. 

In the following proof, we shall frequently use homogeneous and inhomogeneous 
Bony’s decomposition. For the homogeneous Bony’s decomposition, if G ©'(R'’*), 

uv = Sj-iuAjV + AjuSj^iV + i^juAjV, 

jez jez jez 

where Aj = Aj_i + Aj + Aj+i, which is frequently applied to split the commutator 
Ti = [Aj,u\v, namely, 

Ti = ^ [Aj,Sk-iu\AkV + ^ Aj{AkU Sk-iv) 

|fc-j|<4 \k-j\<4 

+ ^ AkU AjSk+2V + ^ Aj{AkU Akv). 

k>j-2 k>j-3 

Similarly, for the inhomogeneous Bony’s decomposition, if G iS'(R'’^) 

uv = Sj-iuAjV + AjuSj-iv + ^juAjV, 

jez j&z j&z 

where = Aj_i + Aj + Aj+i, which is also frequently applied to split the commutator 
T 2 = [Aj,u]v, namely, 

T2 = ^ [Aj,Sk-iu]AkV + ^ Aj{AkU Sk-iv) 

|A;-j|<4 F-i|<4 

+ ^ AkuAjSk+ 2 V+ ^ Aj{AkU Akv). 

k>j-2 k>j-3 

The rest of this section is devoted to the proof of some new commutator estimates. 
Lemma 2.6. (a) Let a > 0 and s > 0, there holds 

2^-^®([Aj, M ■ V]m|A ju) < C'll VM||5-a^||M||_H-s||M||i(fs+a. (2.4) 

i>o 

(b) Let a > 0, P > 0 and s > 0, there holds 

^22 ^"([Aj,w V]r|Ajr) 

j>0 


(2,5) 
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(c) Let §2 > 0 and S 2 — Si — a < 0, there holds 

j>0 


<c 


+ II Ve|| „S2-S1-C. ||r||/fS2 ||'u||//si+a 


Proof of Lemma \2.(A (a) By inhomogeneous Bony’s decomposition, 


\{[Aj,u ■ V]u\Aju)\ < |1[Aj,m • V]u||i2||AjM||2,2 

<||AjM||i2{ ^ ||[Aj, S'fc-iM ■ V]AfcM||i2 + ^ ||Aj(AfcM ■ VS'fc_iM)|| 

|fc-j|<4 \k-j\<4: 

+ ^ ||AfcM • VAjS'fc+2M||L2 + X] ||Aj(AfcM • VAfcM)||i2} 

k>j-2 k>j-3 

■=hi + h2 + hs + hi- 


By Holder’s inequality, fl2.2|] and fl2.ll) . 

|Al| h:C\\AjU\\L2 II VS'fc_lM||Loo|| AfcM||L2 

|A:-j|<4 

<C||V«||B-^||A/t.|U, Y1 2‘“||A»'t.|U. 

|fc-j|<4 

|fc-j|<4 

<C2“^-^^Cj||VM||^-c.^||M||H'*||w||H»+“ 

\k-j\<i 

•CC2 II Vwll^^a^ ||'u||/i's ||m|| 

Repeating the estimate of hi, 

|-fl2| A C2 ^'^*C^|| Vtill^^a^ ||m||//s ||m||j:^s + c.. 

Similarly, by Holder’s inequality, 

l-fisl AC'll VAjWllioo II AjM||j;^2 

k>j-2 

<C2J“||V«|U-.j,||A,«||y E 

k>j-2 

<C2-=^*||V«||b-^2J-||Aj«|U. E 2(^-^)("+“)2^("+“)||AfcM||i2 

k>j-2 

<C2-^^hj\\Vu\\s^c.J\u\\Hs\\u\\Hs+c. 

k>j-2 
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and 

I^mI <C\\^jU\\L2 ^ \\VAkU\\L^\\AkU\\L2 
k>j-3 

k>j-3 

<C2-^n\Vu\\^-.J^-\\A,u\\„ 2 (^-^)* 2 ^("+“)||AfcM||i 2 

k>j-3 

<C2-^^^Cj\\Vu\\s^c.J\u\\H4u\\Hs+^ Y 

k>j-3 

<C'2“^'^^c^||Vm||^-c^||m||h'>I1m||//'>+“ (s > 0), 

where we have used the following Young’s inequalities for series for the estimates of /13 
and /i 4 , respectively, 

II < C|| 2 ^*'^’''"^lfc< 2 ||n(z)||cfc||p(z) < 00 , s + a > 0, 

k>j-2 

II 2*'-^ A C'||2^*lfc<3||p(z)||cfc||p(z) < 00 , s > 0. 

k>j-3 

Collecting the estimates of In, f = 1, 2, 3,4 in fl2.7p yields fl2.4p . 

(b) For the estimate of fl 2 . 5 p . we use a similar procedure as the proof of fl 2 . 4 p . By 
inhomogeneous Bony’s decomposition again, 

|([Aj,m ■ V]r|Ajr)| < ||[A^,u ■ V]r||2,21|Ajr||L2 

<||Ajr||L2{ ^ ||[Aj,S'fc_iM-V]Afcr||L2 + Y ||Aj(AfcM ■ VS'fc_ir)||L2 

F-h<4 |fc-il<4 ^2 

+ Y ||AfcM • VAjS'fc+ 2 r||L 2 + Y l|Aj(AfcM • VAfcr)||L 2 } 
k>j-2 k>j-3 

:=/2i + I22 + I23 + -^ 24 - 

As the estimate of In, i = 1,2, 3,4, l 2 i can be bounded as follows: 

I/ 21 I < C2"^^YJ||Vm|| 5-/3 ||r||H»|k||H'=+/3, 

J " " -^cio,oo 

IJ 22 I < C'2-2JY2||Vr||5-^||r||^^.||M||^^.+., 

I/ 23 I < C' 2 " 2 ^Yj^||Vr||^-<^||r||j/.||M||^^s+<., (s + a > 0 ), 

I/24I < C'2“^-^^c^|lVr||5-c«^||r||Hs||M||j:/s+c., (s > 0). 


fl2.5p an be derived from inserting the above four estimates into 02.81) . 

(c) We suffices to give the new bound of l 2 i, i = 1,2, 3,4. By Holder’s inequality and 
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fl2.2p . we have 

I/ 21 I <C||Ajr||L2 ^ ||VS'A;_iM||Loc||Afcr||L2 

|fc-j|<4 

|fc-j|<4 

\k-j\<4 

<C2-^^^^c^^\\Vu\\lo.\\t\\Is,. 

By Holder’s inequality and (12.11) . 

IJ 22 I <C\\AjT\\L2 ^ ||VS'fc_ir||Lcx=||AfcM||i:2 

|fc-j|<4 

<C'||Vr|| ^S2-Sl-OL IIArll,, 5; 2^(“+*i-*2)||Afcn|U2 

|fc-j|<4 

IIA^IU= E 2(i-fc)s22fc(«+*i)||A;.M||^2 

\k-j\<4 

\k-j\<4 

<C2~‘^^''^c^A\'Vt\\^s2-si-<.\\t\\h‘>2 ||■u||Hn+-• 

'> -^00,00 

By Holder’s inequality and Young’s inequality for series, 

1-^231 AC'||Ajr||L2||VAjr||Loo ||AfcM||2,2 

k>j-2 

<C||Vr||^.2-n-2^'(“+*^-^^)||A,r|U2 V ||A,m|U2 
-^00,00 

k>j-2 

<C2-2^'^^||Vr|l^„-^2^'*^||A,r|U2 E 2(^'"^)("i+")2^(*i+")||AfcM||i2 

k>j-2 

<C2-2^'^Y,||Vr||^^2-^n-||r||H»2||M||j^n+^ 2(^-'’)(*i+“)cfc 

fc>j-2 

<C*2 Vt|| „S2-S]^-Q ||t||//s2 ||m||//si+c« (si + q'>0), 

'> -^00,00 

I/24I <C||Ajr||i2 ^ ||AfcM||i2||AfcVr||Loc 
k>j-3 

<C||Vr||^^2-i-«||A,r|U2 2"(“+^i-^^)||A,n|U2 

fc>i-3 

<C2-2^’^^||Vr||^„-.2^'^^||A,r|U2 ^ 2(^-'’)^^2'’(“+^^)||AfcM|U2 

k>j-3 

<C*2 Vt||„s 2 -si-c«||t||//s 2llrtllji^si+a (s2 > 0). 

-^00,00 

Combining with the above new estimates in fl2.8p yields the desired inequality fl2.6p . 
This completes the proof of Lemma 12.61 □ 
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3. Proof of Theorem 11.11 

In this section, we will prove Theorem II.II by split the proof into three cases: a > 2, 
I < a < 2 and 1 < a < |. Using the regnlarity criteria in Theorem lA.ll in the Appendix 
can easily follow the hrst case. Then via using standard energy method directly, some 
simple manipulation yields the second case. For the last case, we need exploiting the 
new structure of equations and tedious manipulation involving a new type commutator 
estimate, see fl3.12p . In the following proof, we denote L^([0,t],X) by L^{X) for some 
function spaces X. 

Now, we begin the proof. The local well-posedness can be obtained in many ways, 
such as following the proof in the Chapter 3 of [U] , we omit the details. So there exists 
a To > 0, such that fll.2p has a unique solution (u, r) satisfying 

{u,t) E C{[ 0 ,Toy,H^{R'^)), u E T2([0,To);i/“(M2)). 

Thanks to the regularity criteria in Theorem I A. 11 it suffices to show, V T > 0, 



Case 1. cc > 2 We obtain hrstly the energy estimate of u and r. 


~(ll«(()lll + lk(()lli.) + >'IIA“«(i)lli. = 0 

or 

sup {\\u{t)\\l. + ||r(t)||i.) + r WAMmhdt = \\u4h + Ikolli., 

0 <t<T Jo 

which implies u E L‘y{H°‘). By Bernstein’s inequality, 

/ II < / WuW'^jadt < oo 

Jo Jo 


(3.2) 

(3.3) 


and 


[ ||Vr||p_c, dt < C [ (||r |||2 + ||r||p 2 -c,)dt < C / ||E||i 2 dt < cx), 
/o Jo 2 ’°° Jo 


which yields fl3.ll) . 

Case 2. | < a < 2 Although the proof of this case is a little more tedious than the 
hrst case, we can hnish it by using some elementary inequalities. Let Si E (2 — a, a — 1), 
with a standard procedure follows 

^^hllln +i^l|A“M(t)||^.i = - ^ 22^*1 ([Aj,M-V]M|Ajn) 

(3.4) 

+ 2 ^Ti(A jdivrlA jm) ;= Jn + J 12 . 
j>o 

Using (12.4p and Young’s inequality, we have 

|dii| A T*||^^|li3^“^ll^llrf'*!||^||iy®i+“ A T*(IImII+ l)||'u||j:^s]^ + ^llir®i‘ 
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Using fl3.3p and interpolation ineqnality, for some 9 G (0,1), 

P 12 I <l|r||i>||A"*‘+L||i 2 < 

Inserting the bound of Jn, J 12 into fl3.4p . then combining with fl3.2p follows 

^(ll'^ll^n + Iklli2) + z/||A"-u||^si < C(||m||h“ + + C, (3.5) 

which indicates that 

u e n (3.6) 

by applying Gronwall’s inequality to fl3.5p . Thus the regularity of u have been improved. 
The following process devotes to improving the regularity of r. Let S 2 G (0, Si + a — 1], 
we have 

j>0 j>0 (3.7) 

: = T 21 + J22- 


Thanks to 02.61) . 

|'72i| <C*||V'uIIi.oo||t||^s2 + C*||Vt||„s2-si-c.||t||//s 2lluHj^si+a 

.^00,00 

||r||^S2 + ||t||^S2 IImIIj^si+q. 

For the estimate of J 22 , simple manipulations derive 

IT22I < G||r||^s 2 + C'||'*^IIh®i+“- 

It follows from substituting the estimates of J 21 and J 22 in 03.7p and combining with 
03.2p that 

^(lkllii»2 + Il'n||i2) < G(||M||jysi+Q, + l)||r||^s2 + C'||'n||^n+“- 
Integrating in time [0,T], then using Gronwall’s inequality and 03. 6 p yields 

r G V S 2 G (0, Si + a — 1]. (3.8) 

Therefore, the improved regularity of u 03.61) and r 03.8p follows 03.11) . In fact, one has 


and 


llVrII 


T11 +tK —1 dt ^ 00 . 


dt<C 


[ ||r||^ 2 -adt f 

G Jo 


Case 3. 1 < a < | We can get the vorticity equation by applying the operator curl 
to the hrst equation of 01 .21) . 

dtoj + u - Voo + z/A^"a; = curldiv r. (3.9) 

Using the dehnition of TZa in the section (H and denote T := — TZar). Then 03.9p 

can be rewritten as 

dtOJ + u ■ Voj + iaA^^T = 0. (3.10) 
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Applying the operator —TZa to the second equation of fll.2p . and adding the resulting 
equation to fid.iop . we have 

+ n • vr + z/A 2 “r = [ 7 ^„,« ■ V]r + ^A 2 - 2 “a;. 

Taking the L?' inner product with T yields 

—lirili. + .'l|A“rf„ <T|(A^-^%|r)| + |(|k„« . v]r|r)| 

:=Ki + K 2 . 

By Holder’s inequality, interpolation inequality and Young’s inequality, 

\K,\ < C\\k^-‘^^u\\L2\\V\\L2 < CWulMinL^ < C\\u\\%^ + C\\T\\l, 

Using the following estimate, 

\\[TZa,U-V]T\\lj2c,-3 < C\\u\\h4t\\12, 

whose proof can be seen in the Appendix, K 2 can be bounded as follows: 

\K2\ < c\\u\\U\r\\l. + c\\k^-^-T\\l2 < c\\u\\U\r\\l^ + c'lir|li. + ^l|A“r||i.. 

Combining the bound of Ki and K 2 in fl3.11l) . we have 

^l|A"r||^2 < C'||-u||^c.||r||^2 + c||r||^2 + -||A"r||^2. 

Absorbing the third term on the right hand side by the left hand side in the above 
inequality, then integrating the resulting inequality in [0,T], we get 

sup ||r(t)||i 2 + v f ||A“r(f)||i 2 df < C(T, 1 /, ||K,ro)|U 2 , llTolUO, 

0<t<T Jo 


(3.11) 


(3.12) 


that is 

sup \\{u: - 7laT){t)\\\2 + V ( ||A“(a; - 7^«r)(f)||^2df 
0<t<T Jo 

<C{T, i/,a, |1 (mo,t-o)|U2, \\ujo - TZaToh^)- 
From the second equation in fll.21) . we get the (2 < g < 00) estimate of r: 


(3.13) 


<C\\u\\l.. (3.14) 

at 

When a = |, choosing g = 4 in (I3.14p and using Sobolev’s inequality ||c(;||l 4 < C|| Ai-u||i 2 , 
we get 

r e L“(L^). 

When 1 < a < |, let a = min{|^^, 1}, choosing 1 = a{a — 1) in fl3.14p . with 


||K„t||„ < C||r||^j_^ 


(3,15) 
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by Hardy-Littlewood-Sobolev Theorem ( see Chapter 5 of Ha)- We can also observe 
that 2 < < q, so that 

<C\\uJ - TZar\\L<i + C\\naT\\Li 
at 

<C\\uj - 7^„r||L, + C\\t\\^^_^ 

<C*||a; — TZa^WLi + C||e||l 2 + C||r||2,q. 

Integrating in time [0,T], thanks to fl3.13p which ensures u — T^qT G L\{U) and using 
Gronwall’s inequality, one gets 


1 3 2o^ 1 

r G (Lwhere a = min{-, -}. 


2 « - 2 ’ 2 - 


Combining with fl3.15p and fl3.16p follows that 


(3.16) 


||Vr||p-a dr < (||'r||i 2 + ||r|p 2 )dt < 00 . 


L'^ 


Using fl3.13p . fl3.15p and fl3.16p . and by interpolation inequality, we have 


fT 


|a;|||2c-2 dt < 


1 dt<C ||A"“-"(a;-7^„r)||" 1 dt 




L“- 


which implies that 


+ / ||A T^otII 1 dt < 00 , 

n 


Icnllgo dt < 00 


by Bernstein’s inequality. Hence, we have proved fl3.ip and then concludes the proof of 
Theorem 11.11 


4. Proof of Theorem 11.21 

As the previous section, we only give the global a priori estimates. Thanks to the 
regularity criteria in Theorem lA.ll it suffices to show that V T > 0, 

rilVnll^-. +||Vr|||_. dt<oo. (4.1) 

Jq ^00,00 -OoOjOO 

We need hrstly a lemma. 

Lemma 4.1. [6] Let IZ = (7^i,7^2,- ■ •,‘^d) he the Riesz transform on M'’*. Then, the 
following eommutator estimate holds 

\\[b,'JZiTZj]f\\LP <C{d,p)[b]BMo\\f\\LP, pG(l,oo), (4.2) 

where the semi-norm [fojsMO is defined by 

[b]BMO :=sup-4- / \b-bB\ dx, bs = ^ [ b{x)dx 
B |.d| Jb I-d| Jb 

and the supremum is taken over all balls in M'’*. 
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Now, we begin the proof with the energy estimate like fl3.3p : 

sup (||M(t)||i2 + ||r(t)||i2)+i/ / \\A^u{t)\\l2dt + r] f \\A^r{t)\\l2dt 
o<t<T Jo Jo ( 4 . 3 ) 

= \\no\\h + \\ro\\h. 

As the proof of the previous theorem for the case 1 < a < |, we will exploit the structure 
of the equation. Similarly, we have the vorticity equations 


dtOJ + u ■ Vo; — uAT = curldivr. 


(4.4) 


Denote Fi := u — TZit, here TZi is defined in the section [T] Applying —TZi to the second 
equation of fll.2p . then adding the resulting equation to fl4.4p yields that 

c^tFi + u ■ VFi — i/AFi = [}Zi,u ■ V]r + —u — tjA^^TZit. 


Taking the inner product with Fi, then 
1 d 


2 dt 


Filli^ + z/||VFi||i 2 <|([7^l,n ■ V]r|Fi)| + —|(a;|Fi)| + ^7|(7^lr|A2/5^l)| 


2i/' 


'.—Ni + N 2 + A 3 . 


(4.5) 


Thanks to the commutator estimate fl4.2l) . using divu = 0 and integrating by parts , we 
have 

3 3 

|Ai| < 5 ^|([ 7 ^l,n,]r|a,Fl)| < IIVF 1 IU 2 

i=l i=l 

<C[M]BMo||'r||L2 ||VFi||2,2 < C||Vm||^ 2 + ^||VFi|||2. 

The estimate of N 2 and A 3 can be easily obtained as follows: 

IA 2 I < C'||a;|U2||Fi|U2 < C'|lu;||i2 + C'||Fi||i2, 


|A3|<q|F3||i2 + ^||VF3||i2. 

Inserting the above estimates into (14.51) follows that 

A||r,||i. +1||vr.iii. < c-iivniii. + c||r,||i., 

which yields 

sup ||Fi(f)||i 2 + ^ r ||VFi(f)||i 2 df < C(T, 12 ,/3, ||(no,ro)|U 2 , ||Fi(0)|U2) 

0 <t<T 4 Jq 


by integrating in time, using energy estimate (14.31) and applying the GronwalFs inequah 
ity. That is 


sup ||(u;-7^lr)(^)||2 2 + f || V(a; - 7 ^lr)(^)|| 22 d^ 

0<t<T Jo 

<C(T,v,!}, ||(tio, To)IIl", - K,r)( 0 )||i 2 ). 


(4.6) 
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We then deduce, by a similar argument as the previous theorem for the case 1 < a < 

<C*||ci; — 7^it||j;^p + C*||r||2,p, 

which leads 

TeL^^LP), V2<p<oo 

by integrating in time, using (Id.bh . interpolation inequality and Gronwall’s inequality. 
Using fl4.6p and interpolation inequality again yields 


\u:\\\pdt<C / (||a; — 7^ir||^p + ||r||^p)(it < oo. 


(4.7) 


This implies 


||Vm|P /j dt < oo. 
-^00.00 


In fact, choosing p = | in (14.7h . it follows from using the Bernstein’s inequality that 


\\Vu\\l-p dt <C / ||Vn||^o dt 


<C 






To prove fl4.ip . with energy estimate fl4.3p . by Bernstein’s inequality, it suffices to show 


|r|p 2 dt < C, for some q> —■ 


B ^ 

^ q,oo 


(4.8) 


Following the standard argument, 

^||Ajr||L9 + c2^^^||Ajr||L9 < \\[Aj,u ■ + C\\Aju\\L<i, (4.9) 

where we have used the generalized Bernstein’s inequality (see i), 

f AjTAjT\AjT\'^~‘^dx > c2^^^\\AjT\\‘lq, W 2 < q < oo. 

Multiplying (14.91) by and taking the supremum over j G Z on the both sides of 

the resulting inequality yields 

^||r|| . + c|lr|| . 1 +^ < G||Vn|| + sup || [A^, n • VjrlA?. (4.10) 

CLi’ Bq^oo Bq^oo Bq^^o 


Next, we will bound S. By the homogeneous Bony’s decomposition, 

<sup2^^9"^^{ ^ \\[Aj,Sk-iu-V]AkT\\L‘i+ ^ ||Aj(AfcM • V^fc_ir)|| 
|fc-j|<4 \k-j\<4: 

\\AkU-VAjSk+2r\\L<i + • VAfcr)|A4 

k>j-2 k>j-3 


Li 
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By Holder’s inequality, fl2.2p and 


<sup2^^‘j V] ||V^fc_iM||L.||Afcr||Lo 


\k-j\<4 

<C||Vm|| .a.^sup 


^q,oo 




\k-j\<4 


<C||Vn||^2_^|lr||s 
By Holder’s inequality and fl2.ip . 


MM M SO 

JDQ -^00,00 

^g,oo 


12 I <sup2^^9 'Y] ||AfcM||2,9||V^fc-ir||L°° 

|fc-i|<4 

<C\\t\\bo sup2^^i"^^ Y] 2''||AfcM||L. 

|fc-il<4 

)(i-fc)(f-/3)9fc(f-/3)||y^^^|| 




L'? 


iez 


\k-j\<4 


<C||Vm|| 2_„|lr||oo • 

" " o? ^ "-'^00,00 

23q,oo 

By Holder’s inequality, Bernstein’s inequality and Young’s inequality for series. 


-3 


<Csup2-^^'j ^'*’0IIAj-r 11^00 llAfcull 


LI 


jez 


<C\\t\\bo sup 


jez 


k>j-2 


k>j-2 

-fc)(§-/3+l)2fc(f-/5+l) 


<C'|lrb^^^||2^^i-^+^A,<2||n(z) 
<C||Vn|| 2 _,||r ||50 




||2^fcW||L9 

II AfcMlAg 


l°°( 


■ R "J 

-*-^q,oo 


4 I <C'sup 2 ^^'i ^ ||AfcM||R9||Afcr||Ro 


j&Z 


k>j-3 


YClIrll^o^ sup 2 

jez 


(i-fc)(f-/3+i)9fc(i+f-/3)||/\ 


IIAfcull 


Li 


<C\\t\\bo 112 

00,00 


k>j-3 


' J-fc<3 

<C||Vm|| 2_;3||r||^o • 


,fc(l+f-/3) 


l|AfcM|| 


LI 


R ^ 
^ q,oo 


Plugging the above estimates in fld.lOp . using Bernstein’s inequality and interpolation 
inequality 


T 




BP 

^ p,oo 


. ^+/3 
BP 

^ p,oo 


and Young’s inequality yields 
d 


— ||r|| 2 -^ + 7tlklL§+/3 < C'llwll 2_^ +C||a;|| 2_JkL2_;3, 


dt 


2 " " 

^ ^q,oo 


R9 

-^g,oo 


R 

^ q,oo 


■ R'J 

-^g,oo 


(4,11) 
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where we have used the bound of the Riesz transforms in homogeneous Besov space. 
Thanks to r G (L^), V p G [2, cxo), and fl4.6p . by Bernstein’s inequality and O' > I, 


<C / \\uj— TZitW^ 2_gdt + C / ||r| 


,dt 


lo Bi, 


R ^ 
-Oq,oo 


<C / \\oj-TZiT\\\^_pdt + C I ||r 


<C / llo; — 7^ir||^i_odf + C / ||r||^2(it 


0 Bq.oo 

l-T 

% dt 

0 

fT 

2 

L? 


(4.12) 


'0 


<oo. 


After integrating M.llh in [0,T], using (I4.12p and Gronwall’s inequality derives 


sup ||r(f)|| . 2 _^ + c / \\t\\ , A^pdt < oo, 

Q'^t'^T Bq^^ Jq 


R ^ 
^ q,oo 


which implies (I4.8p by interpolation inequality, 


r 2 


<qir 


1 1 
|2 11^-112 

I . 2_o II Ml . 2_|_a • 
L^{Bl^ ) L\.(Bl^ ) 


This completes the proof of Theorem 11.21 


Appendix A. 

In this section, we will prove the regularity criteria for fll.2p in general cases based on 
Littlewood-Palay Theory, and then give the proof of fl3.12p which plays the important 
role in the proof of Theorem 11.11 

Theorem A.l. Consider M.2t) with a > 0 and the initial data {uo,To) G s > 2. 

If (u, r) satisfies the following condition: 


or 

/ ||VM||Mmin{c.,/3} + ||Vr|lMc« df < CX), ifp>0,/5>0, 

^ 00,00 00,00 

then {u,t) remains regular in [0,T]. 

Proof. It suffices to give the global a priori bound. By a standard process, we have 


1 d 


~(ii«iiy + iiriii.) + HiA“«iiy+ 

= _ ^ 2"1*(1A„ u ■ v|'t.| A/t.) - ^ 2=1*(|A,, u . V]r| A,t) 

j>0 j>0 

:=/i + /2, 

where the following cancelation property have been used 


{u ■ VAju\Aju) = {u ■ VAjT\AjT) = 0. 
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Combining with the energy estimate of u and r: 

^^(I|w|li2 + \\A\h) + + r?||A^r||i2 = 0, 

we derive 

+ IkllnO + + hl|A^r||^. = /i + h- (A.l) 

For the estimate of Ji, using (12.dh . we have 


|/i| < C*||||m||//s|| ti||ji/s+c« < C*(||VmII^-q + l)||'u||^s + —||A‘^m||^s. (A.2) 

The estimate of I 2 is split into two different situations depend on the condition of f3 and 

7 ]. 

a > 0,Tj > 0, l3 > 0. Applying fl2.5p . we have 

I/ 2 I <C||VM||^-/3^||r||H»||'r||j:/s+/3 + C||Vr||^-c,^||r||i^s||M||j^s+<. 

<C{\\Vu\\lj^ + ||Vr|||_<^ + 1 )(||m||^. + ||r||^.) 

+ ^I|A“m||h. + ^\\A^T\\jjs. 

Combining with flA.2p and flA.3l) in flA.ip . and applying the Gronwall’s inequality yields 
the desired result. 

a > 0,?7 = 0. Applying fl2.6p with Si = S 2 = s, thanks to the Log-interpolation 
inequality, 

II VmIIl^x. < C(|| Vm||bo^_^ + 1) log(e + ||m||h0, « > 2, 

we obtain 


-^2 I II IIL°° IIII//s ^ll^'^lls”" ll^lliT® 11^11//^+" 

<C(|| Vulllo^^^ II Vr||^-a^ -h 1) log(e ||m||^s + IItH^s) (A.4) 

x(hlll,. + ||r||l,.) + ^l|A“«||l,., 


which yields the desired result by combining with flA.2p and using the Gronwall’s in¬ 
equality. □ 


Proof of The proof is based on homogeneous Bony’s decomposition by modifying 

the proof in [18] (see Proposition 2.7 there). Since ||/||j^ 2 c ,-3 ~ ||/|Ib 2“-3, we have 


||[7^a,M • V]r|||,_3 < C5^22A2«-3)||A.[7^„,M ■ V]r||i2 

j& 

< C ^ 22A2«-3)II u ■ V]7^„r||i2 + c ^ 22A2«-3)||[AJ.7^„, u ■ V]r||i 2 (^-5) 

jez jez 

:= Ml + M 2 . 
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By homogeneous Bony’s decomposition, 0i = [Aj,u ■ V]7^Q,r, 

01 = ^ [Aj,Sk-lU-V]Ak'}ZaT+ ^ Aj{AkU -VSk-lIZaT) 
|fc-j|<4 |fc-i|<4 

+ Ajt..VA 

jSk+2T^a'T + Z Aj{AkU ■ VAkTZaT) 

k>j-2 k>j-3 

: = Mii + Mi 2 + iW^13 + M 14 . 

By Holder’s inequality, fl2.2l) and Bernstein’s inequality, 

||^1 i||l2 < ^ II V^fc_iM||Loo||Afc7^ar||i2 < C||M||ioo ^ 2^||Afc7^a 

|fc-j|<4 \k-j\<4 

|fc-j|<4 

|fc-j|<4 

<C 2 -^^^“^“^Cj||M||Loo||r|A 2 . 

By Holder’s inequality, Bernstein’s inequality and fl 2 .ll) . 

||d^l2||L2 < II V^fc-lT^aUllioo II AfcM|A2 

|fc-j|<4 

<C 2-'’||V^fc_l7^„u|Uoc||vAfcu|A2 

|fc-j|<4 

<C||Vu|U 2 ^ 2-'=||V^fc_l7^„u|Aoo 

|fc-j|<4 

<C2^'(3-2a)||y^||^^ ^ 2(^-^)(2a-3)2fc(2a-4) ||y ^ 

|fc-j|<4 

< (^2^3-20 11 11 1111 E 

|fc-tl<4 

<C2^(3-20c,||Vu|U2||r|A2. 

Similarly, 

lldi^islliz <C'2-^||Aj7^„r||L°° Y^ ||^fcw||L2 

k>j-2 

<C2^'||A,7^„r|Aoo ^ 2 -'=||vA,u|A 2 

k>j-2 

<C|| Vm||l2|| A^T^qtIIloo 

< C2^' 11 Vm I U 2 2^' 11 Aj 7^„r 11 LOO 

< (^2h3-2«) 1111 11 7 ^^^ 11 

<C2^(3-20c,||Vu||L2||r||L2, 
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with the application of Young’s inequality for series, 

II^mIIlz <C2^^ IIAfcM||2,2||Afc7^Q,r||i2 

k>j-3 

<C||Vn|U222^' ^ 2-'=||Afc7^„r|U2 

k>j-3 

k>j-3 

<^2^(3-2.)||v^||^,||7^^^||^^_^ Y 2(i-fc)(2a-l)^^ 

k>j-3 

<C2^(^-^-^c,\\Vu\\l2\\t\\l^. 

Thus we have 

\M,\ < C{\\Vu\\l, + ||n||i.)|lr||i. < C||n||^Akl|i 2 . 

Next, we bound M 2 . Using the homogeneous Bony’s decomposition again, let ©2 
[AjTZa, u ■ V]r, 

©2 = ^ [AjTZa, Sk-lU ■ V]AkT + Y AjUaiAkU ■ VSk-lT) 

|A;-j|<4 |A;-j|<4 

+ Y AkU-VAj'}ZaSk+2T + Y AjUaiAkU ■ VAkT) 

k>j-2 k>j-3 

:=M2i + M22 + M23 + M24. 

Since 

one has 

AjTZaf = 2-^^‘^“^"^l)(2-^-) A /, for some 1) G 5. 

Thus using fl2.3p with pi = 1 and p 2 = 2, 

IIM 21 IU 2 <U2^(3-2a)||2.'^(^^2M)|Ai ||V^fc_in|Uoc||vA,r|U 2 

|fc-j|<4 

|fc-j|<4 

<U2-^^^“^"^Cj||M||L°o||T|A2. 
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By Bernstein’s inequality and Hdlder’s inequality, 

IIM 22 IU 2 <C2^'(2-2a) ^ \\AkU\\L^\\VSk-lT\\L2 

\k-j\<4 

^ 2^-mAkU\\L^ 

\k-j\<4 

<C2^(3-2«)||^||^, ^ 2’^-^2>^\\Aku\\L2 

\k-j\<4 

<C2^(3-2“)||r|U2||VM|U2 2’^-^Ck 

\k-j\<4 

<C2^'(3-2“)cj||r||L2||VM||L2. 

Similarly, 

||^23||l2 <C2^\Aj7laT\\L°° ||AfcM||2,2 

k>j-2 

<C2^'||A,•7^„r||Loo 2-’^\\VAku\\L2 

k>j-2 

< C2^' 11 Vm 11 l2 2^' 11 Aj 7^„r 11 LOO 

<C2^i3-^^^c,\\Vu\\L2\\n^T\\^2^-3 

<C2^'(3-2“)cj||VM|U2||r||L2. 

Using Young’s inequality for series, we get 

||M24||l^ <C<2^U-2«) ^ ||A,w|U2||Afcr|U2 
k>j-3 

<^2^(4-2«) 11^11^2 \\AM\l^ 

k>j-3 

<U2^(3-2a)||^||^^ ^ 2^-"2^||AfcM|U2 
k>j-3 

<U2^'(3-2“)c,||r||i2||VM|U2. 

As a consequence, 

IM 2 I < C{\\Vu\\l. + h||i.)|lr||i= < C\\u\\U\r\\l.. 

Together with the estimate of Mi in (IA.5D can yield the desired inequality 03.121) . □ 
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